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As a coating solidifies by drying, it tends to shrink. It is liquid enough in early stages
that any shrinkage stress is rapidly relie®ed by ®iscous flow. It becomes solid enough in
later stages to support elastic stress, which results from shrinkage inhibited by adherence
to the substrate. Stress can relax by ®iscous creep in the coating. Thus, the stress le®el is
an outcome of competing shrinkage and relaxation. A theoretical model of diffusion
and mass transfer, large shrinkage-induced deformation and stress, together with yield-
ing and post-yielding ®iscous deformation, was de®eloped to predict stress e®olution in
drying of polymer coatings after solidification. The coupled equations of diffusion and
stress de®elopment are sol®ed by the Galerkinrfinite-element method. This model is
used in polymer coatings to study the effect of a groo®ed substrate and embedded parti-
cles to the stress and drying, and to simulate cantile®er deflection method used to mea-
sure stress experimentally.

Introduction

When a liquid coating is applied to a substrate, the viscous
stresses that accompany flow quickly relax as the coating
comes to rest relative to the substrate. However, the coating
may continue to flow a little by gravity, capillary, or air drag
forces before it solidifies by chilling, drying, or curing. Upon
solidifying, the coating acquires a solid-like nature. Further
solvent removal after solidification causes further volume
shrinkage and the development of significant stresses.

The development of stress after solidification is due pri-
marily to the inability of in-plane shrinkage by the adhesion

Ž .of the coating to its substrate Figure 1a . It is due secondar-
ily to nonuniform shrinkage as the coating dries, although

Ž .this is equally important at edges Tam, 1997 . In a coating
cast from polymer solution, let’s assume that, between the
reference state at solidification and the current state, there
was a stress-free state in which the stress in every infinitesti-
mal domain of the coating was removed. The deformation
from the original reference state is purely volume shrinkage
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in this stress-free state. If the shrinkage was the same every-
where, in every infinitesimal domain, the imaginary stress-free
states everywhere would be compatible and the infinitesimal
stress-free domains would all fit together at their boundaries.
However, the evaporation of solvent through the free surface
and the diffusion beneath generally cause nonuniform
shrinkage within the coating. For example, in Figure 1b, a
block of coating consists of four domains and the amount of
shrinkage differs from one to another. For the sake of illus-
tration, each can be taken to be homogeneous. Because they
differ in shrinkage, their stress-free states are not compati-
ble, that is, their boundaries can no longer fit to each other.
To fit together, each must be strained. As a result, stress is
developed provided no cracks or delamination occurs at the
junctions between the domains. Actually, stress developed
from the hindrance of substrate can be considered as a spe-
cial case of nonuniform shrinkage in which there is no shrink-

Ž .age in one ‘‘piece’’ rigid , and there is shrinkage in the other.
The mechanisms of stress development in shrinkage coat-

ings have long been studied. The interaction of stress and
solvent diffusion in solids has been studied by Li and cowork-

Ž . Žers Li et al., 1966; Li, 1971 and by Larche and Cahn 1973,
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Figure 1. Causes of stress development in solidifying coatings.
Ž . Ž .a Stress development due to adherence to the substrate; b stress development due to nonuniform shrinkage.

.1982 . Both sets of researchers started from a combination of
linear elasticity and thermochemical equilibrium to derive the
equations. They found that upon linearizing the equation sets,
the equations of equilibrium can be separated into purely
elastic and purely chemical equations. Later, during the study

Ž .of clay drying, Hasatani and Itaya 1992 and Hasatani et al.
Ž .1993, 1995 used the Galerkinrfinite-element method to solve
equations of diffusion and the integral form of viscoelastic
constitutive equations to simulate shrinkage and stress devel-
opment. They considered only cases of small deformation in
which diffusion and mass transfer can be treated indepen-

Ž .dent of mechanical equilibrium. Wu and Milota 1994 and
Ž .Irudayaraj and Haghighi 1993 have also studied the creep

and viscoelastic drying models under small strain. Recently,
Ž .Tam and coworkers Tam et al., 1995; Tam, 1997 were the

first to model drying coatings as to account for large defor-
mations, that is, volume shrinkage large enough that linear
elasticity is inadequate. They solved the coupled equations of
mass transfer from coating to flowing air, diffusion with con-
vection in solvent-polymer layers, and a linear dependence of
stress on a quadratic measure of strain. They incorporated
yield stress and post-yield viscous deformation, and explored
the effect of plastic yielding. In a recent article, Christodoulou

Ž .and coworkers 1998 also considered the large elastic defor-

mation of a drying gel, in which the non-Fickian diffusion is
coupled with the stress taken from a polymer network, as
well as an ideal liquid solvent.

Ž .This article extends a one-dimensional 1-D analysis re-
Ž .cently developed by Lei et al. 2001 to a full 3-D theoretical

analysis that accounts for large elastic strain and stress, as
Ž .well as viscoplastic straining nonlinear theory . Unlike other

approaches, the constitutive relation used here is appropriate
for incompressible elastomeric solids, which most rubbery
polymers are. For simplicity and convenience, we disregard
the viscous stress from drying liquids, assume that the con-
centration is uniform at solidification, and focus on the dry-
ing after a coating solidifies. The article lays out theory of
Fickian diffusion, kinematics of volume shrinkage, elastic de-
formation, stress development, plastic yielding, and subse-
quent viscoplastic flow as the solvent evaporates from a poly-
mer solution coating. The coupling of diffusion and stress
evolution is solved by the Galerkinrfinite-element method.
This model is used in polymer coatings to predict the effect
of a grooved substrate and embedded particle rigidity on dry-
ing and induced stresses after solidification, and to simulate
a cantilever deflection method that is being used to measure
stress experimentally. To the best of our knowledge, these
predictions are novel.
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Theory
Drying and diffusion

The evaporation of volatile solvent, the movement of the
coatingrgas interface, and the solvent diffusion in a coating
are described by the principle of conservation of mass. The
analysis that follows is of mass transfer in a binary system
composed of a volatile solvent and a nonvolatile polymer.
Multicomponent systems with two or more solvent species or
two or more polymer species can be similarly analyzed. The
possibility of chemical reaction changing one species to an-
other is not considered. Volume change upon mixing is also
set aside for future analysis.

Ž .The species mass conservation continuity equations of
solvent s and polymer p are

­ cs
q=? n s0 1Ž .s­ t

­ cp
q=? n s0 2Ž .p­ t

among which only Eq. 1 needs to be solved due to Amagat’s
Žlaw, or no volume change upon mixing Cairncross et al.,

.1992 . In Eqs. 1 and 2, c and c are molar concentrationss p
and n , n are the molar fluxes of solvent and polymer. Ins p
the polymer reference coordinate, n is split into the solvents
convective flux and the diffusive flux relative to the polymer
velocity ©p

n sc © sc © q jU 3Ž .s s s s p

Ž .in which the diffusive flux Tam, 1997

D
Uj sc © yc © sy =c 4Ž .s s s p s1yc Vs s

D is the binary diffusion coefficient, and V is the partials
molar volume of solvent. The solvent mass conservation
equation then becomes

­ cs Usy=? j qc © 5Ž . Ž .s p­ t

Ž .Equations 4 and 5 were first derived by Tam 1997 . They
generalize the polymer reference coordinate long employed

Žin analyses of 1-D Fickian and viscoelastic diffusion Crank,
.1975; Durning, 1986; and Billovits and Durning, 1989 . The

polymer reference coordinate has been proved to be very
successful in simplifying 1-D drying problems, because the
convective flux of polymer vanished with it and the trouble-
some moving boundary problem can be avoided.

Kinematics
To describe how strain evolves in a drying coating, con-

sider how the material deforms and how its stress-free state
changes locally as solvent diffuses toward the coating surface

Ž .and evaporates. Croll 1979 took the original stress-free ref-
erence state to be the state of the coating at the instant of

Figure 2. Kinematics of drying elasto-viscoplastic de-
formation.
The total deformation gradient F from position X in the
reference state to position x in the current state is decom-
posed into three parts, F s, F ®p, and F e.

solidification, that is, the first appearance of elastic modulus.
This is adopted as time ts0. Because only the drying of a
coating initially at solidification and with uniform concentra-

Ž .tion is considered, the initial state ts0 is stress-free. Each
polymer particle in this state can be labeled by its location
Ž .X X , X , X and corresponding Cartesian coordinates1 2 3

Ž .Figure 2 . After drying proceeds a time t, the particles are at
Ž .new positions x x , x , x , which define the current state.1 2 3

The deformation transformation is

xs x X ;t s X q d X ;t 6Ž . Ž . Ž .p

Ž .in which d X ;t is the displacement of the same polymerp
particles originally at X and then moved to x. This deforma-
tion from the initial stress-free state to the current state is
described by the deformation gradient

­ x
F '= x' 7Ž .x ­ X

where = is the gradient operator in the initial stress-freeX
state.

The total deformation from the original reference state to
the current deformed state can be decomposed into three

Ž .successive deformation steps Lee, 1969; Tam, 1997 :
Ž .1 Volume shrinkage from the original stress-free state X

to an intermediate stress-free state X s
Ž .2 Viscous flow and plastic deformation, if the coating

yields locally, from this shrunken intermediate stress-free
state X to the current stress-free state Xs ®p
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Ž .3 Elastic deformation from this current stress-free state
X to the current actual state x.®p

This decomposition of total deformation into three individ-
ual parts is shown in Figure 2. Normally, if the boundary con-
straints in the current state are removed, a residual stress
distribution will remain following nonuniform shrinkage
andror nonhomogeneous viscoplastic flow. To completely re-
move the residual stress, the coating will have to be cut into
small elements and the corresponding configurations X ands
X will be discontinuous. For the case when the configura-®p
tions X and X are continuous and differentiable, the totals ®p
deformation gradient F can be multiplicatively decomposed
into the shrinkage gradient F s, viscoplastic deformation gra-
dient F ®p, and elastic deformation gradient F e according to
the chain rule for partial differentiation

F s F e? F ®p? F s 8Ž .

Whenever the stress free states X and X are discontinu-s ®p
ous, the deformation gradients F s, F ®p, and F e reduce to
tensors of local linear mappings in the limit of small material
elements, which also satisfy Eq. 8 but not the continuity con-

Ž .ditions for partial derivatives Lee, 1969 .
The shrinkage from the original stress-free state to the in-

termediate shrunken stress-free state is generally isotropic
and thus

F s F e? F ®pa 9Ž .

where a is a shrinkage ratio that describes the amount of
volume shrinkage. The only volume change here is that as
solvent evaporates. By hypothesis, specific volumes are addi-
tive and Amagat’s law applies to the solution; this gives

1r3 1r31r3 0 0d® 1yc V 1y fs s s
a s s s 10Ž .ž / ž /ž /dV 1y f1yc V ss s

where d® is the current derivative equilibrium volume per
unit of polymer with solvent concentration c , and dV is thes
initial derivative equilibrium volume per unit of polymer with
concentration c0; f 0 and f are, respectively, the initial ands s s
current volume fractions of solvent.

The elastic deformation from the current stress-free state
to the current state is described by the gradient tensor F e.
The corresponding elastic strain relative to the locally cur-
rent stress-free state can be expressed as either the left or

Ž .right Cauchy-Green tensors Malvern, 1969

B es F e? F eT
C es F eT

? F e 11Ž .

The superscript ‘‘T ’’ denotes the transpose. Any difference
between the current stress-free state and the current state
causes B e and C e to derivate from the identity tensor I; such
deviation gives rise to stress.

To analyze the rate-dependent viscoplastic behavior, the
material gradient of velocity L is calculated such that
Ž .Malvern, 1969

ȧy1y1 e e ®p e˙L'=© s F ? F s L q F ? L ? F q I 12Ž .p a

where a dot above the tensor stands for the polymer particle
material time derivative. In Eq. 12, = is the gradient operator
in the current state; Le and L®p are the elastic and the vis-
coplastic velocity gradients in the current state, which are
given by

e ˙e ey1 ®p ˙®p ®py1
L s F ? F and L s F ? F 13Ž .

The polymer velocity gradient L is expressed in the cur-
rent state. However, because the elastic strain tensor, and,
thus, the stress tensor, is evaluated relative to the current
stress-free state, the polymer material derivatives in Eq. 12

Žneed to be transformed to the current stress-free state Moran
.et al., 1990; Tam, 1997 to obtain

ȧTe e e ®p eLs F ? L ? F s L q L q C 14Ž .
a

with the overbar indicating they are expressed in the current
stress-free state. In Eq. 14

T y1e e e ®p e ®p ®p˙ ˙L s F ? F , L sC ? F ? F 15Ž .

are the elastic and the viscoplastic parts of the velocity gradi-
eent in the current stress-free state. The symmetric parts of L

®p e ®pand L are denoted D and D , respectively

1 1T Te e e ®p ®p ®pD ' L q L , D ' L q L 16Ž .Ž . Ž .
2 2

e ®pD and D are interpreted as the elastic and viscoplastic
wstrain rates they are called the rates of deformation in the

Ž .xstress-free state by Malvern 1969 . The viscoplastic strain
rate is used in describing viscoplastic behavior whose consti-
tutive equation is expressed in terms of the stresses.

Equation of equilibrium
Before a coating solidifies, the liquid can easily flow. After

solidification, because material moves slowly with respect to
the substrate in coatings, drying can be considered a quasi-
static process in which the inertia is negligible. Ordinarily,
the effect of gravity is also negligible. For instance, if the
acceleration rate is 0.01 mrs2, the inertia term has a magni-
tude of 10 Nrm3. For a coating about 100 mm in thickness,
the pressure due to the gravity is about 1 Nrm2. However, if
the polymer is in the glassy state and the relaxation rate of
the polymer is much slower than the drying rate, the stress
that develops usually exceeds 106 Nrm2. Thus, the inertia and
gravity terms can safely be neglected and the Cauchy mo-
mentum balance is simply

=?s s0 17Ž .

Ž .The Cauchy equation of motion Eq. 17 applies to the cur-
rent state. The Cauchy stress tensor field s is defined as a
function of the current ‘‘particle’’ positions x, and it is a sym-
metric tensor. A suitable strain measure to use with the
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Figure 3. Basic 1-D shrinking elasto-viscoplastic model.

Cauchy stress tensor would therefore be one of the strain or
deformation tensors of the spatial formulation in terms of the
current particle position.

Constituti©e equations
The concept of elasto-viscoplastic behavior in shrinking

coatings is best introduced by means of the 1-D rheological
model illustrated in Figure 3. The idea is to use different
models to describe the various deformations as in Figure 2.
The ‘‘shrinker’’ unit accounts for the isotropic volume shrink-
age, which, in this 1-D model, reduces its length by solvent
removal or chemical reaction. In the case of an ideal solu-

Ž .tion, the amount of shrinkage length reduction is related to
the amount of solvent loss or the extent of reaction. The
‘‘shrinker’’ responds instantaneously upon any change in coat-
ing composition or in chemical reaction. The ‘‘spring’’ repre-
sents the elastic behavior of the coating. For a Hookean solid,
stress is proportional to the modulus and the elastic strain
from the stress free state. The ‘‘spring,’’ like the ‘‘shrinker,’’
also responds without delay upon any change in elastic strain.
A ‘‘dash pot’’ and a ‘‘stick-slip’’ in parallel introduce the vis-
coplastic behavior. The ‘‘dash pot’’ describes viscous flow,
creep, and relaxation behavior in the coating, and it is a strain
rate-dependent unit on which the rate of strain is related to
the stress. The ‘‘stick-slip’’ unit accounts for the yielding and
viscoplastic flow behavior in which the stress level depends
on whether or not the threshold or yield stress s has beenY
reached. The onset of viscoplastic deformation is governed by
a uniaxial yield stress s . The stress level for continuing vis-Y
coplastic flow depends on the strain-hardening characteris-
tics of the material.

Constitutive equations for 3-D elasto-viscoplastic models
are complicated because stress and strain are dyadics or ten-
sors. In general, due to the stress and strain, the elastic be-
havior of coating depends on the solvent concentration, the
Cauchy-Green deformation tensors, and the history of plastic

Ž .deformation. Tam 1997 used a linear relation of the stress
and a quadratic measure of strain to describe the elastic re-
sponse. In this study the material, by hypothesis, follows the

Ž .neo-Hookean Rivlin and Saunders, 1951 constitutive equa-
tion

s syp IqGB e 18Ž .

in which G is the solvent-concentration dependent shear
modulus and p is the hydrostatic pressure.

The neo-Hookean equation is for incompressible materials
and is a fair approximation for polymer-solvent systems in
the rubbery state, which are generally incompressible. It is
used here to model polymer solutions that solidify by gelling
and by vitrifying. This approximation becomes less robust in
the latter case, because glass polymers become somewhat

Žcompressible as their glass transition temperature rises due
.to solvent departure above the experimental temperature.

The condition of incompressibility in elastic deformation is

det F e s1 19Ž . Ž .

Elasto-viscoplastic behavior is characterized by an elastic
material response at low stress onto which a viscoplastic de-
formation begins after a certain level of stress has been
reached. As the drying continues and the stress rises, some
parts of the coating enter a viscoplastic regime. The onset of

Ž .plastic deformation or yielding is governed by the yield cri-
terion. The time-rate effects after yielding is modeled by the
viscoplastic theory. This study only considers ideal isotropic
viscoplastic materials with no strain hardening. It is also as-
sumed that plastic deformation does not produce any volume

Ž .change. The model, first developed by Moran et al. 1990 , is
based on the yield surface in the stress space described by
Von Mises’ criterion. In using the Von Mises’ criterion, the
second Piola-Kirchhoff stress tensor on the current stress-free
state S is given by the mapping of the Cauchy stress on the
current state to the current stress-free state

y1 yTe eSs def F F ?s ? F 20Ž . Ž .

The deviatoric part of this in the current stress-free state is

1 y1X e eS s Sy S :C C 21Ž . Ž .
3

XThe second invariant of S is

1 TXT Xe eFs S ? C : S ? C 22Ž .Ž . Ž .(2

The Von Mises’ yield criterion can then be expressed as

Fy ks0 23Ž .

where k is the critical shear stress at yielding and acts to
define the ‘‘size’’ of the abstract yield surface in the space of
principal stresses.

The simplest choice of a constitutive relation for the vis-
coplastic strain rate in Eq. 16 is that of Owen and Hinton
Ž . Ž .1980 and Lubliner 1990

1 ­ F
®p ² :D s Fy k 24Ž .

m ­S

where m is the post-yield viscosity of the stress-free state. In
Eq. 24, the viscoplastic strain rate is proportional to the ex-
cess stress above the yield surface. In the abstract space, the
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viscoplastic strain rate has a direction normal to the yield
² :surface. The notation implies

Fy k if F) k² :Fy k s 25Ž .½ 0 otherwise

In Cartesian coordinates, Eq. 24 gives the components of vis-
coplastic strain rate as

² :1 Fy k
X® p e eD s C C S 26Ž .MN IM JN IJ2m F

in which the Einstein notation of summation has been used;
X Xe ® p e ® pC , S , and D are components of C , S , and D , re-IM IJ M N

spectively. The flow rule in Eq. 26 provides only the symmet-
® pric part of viscoplastic velocity gradient L in Eq. 15. Ac-

Ž . Žcording to Dafalias 1985 , the antisymmetric part also known
.as plastic spin is important only on a microscopic scale if at

all.

Boundary conditions
At the coatingrsubstrate interface, the polymer adheres to

the substrate and moves with it. Exceptions are when the
coating delaminated from the substrate, and these exceptions
are not considered here. Many coatings, even when solidi-
fied, are a lot softer than the substrates they are coated on.
When the substrate can be regarded as rigid, the polymer
displacement along the substrate should vanish

d s0, at coatingrrigid substrate interface 27Ž .p

If the substrate is flexible, the displacement at the
coatingrsubstrate interface becomes one part of the solution,
as in the cantilever deflection problem that will be discussed
later.

At the free surface of the coating, there is no traction

n ?s s0 28Ž .ˆ

Here, n is the normal vector at the free surface pointing fromˆ
the coating to the air.

Another kind of boundary condition that will be used in
the following examples is the symmetric boundary condition.
This condition requires that the polymer material moves only
along the symmetric plate, and that the normal derivatives of
any variables vanish.

Boundary conditions for drying equations at the free sur-
face are the continuity of mass flux of volatile solvent

n ? jU s k0 Hc yceq 29Ž .ˆ Ž .g s g

where the molar flux on the air side is described by a mass-
transfer coefficient k0 multiplied by a concentration differ-g
ence driving force, H is Henry’s coefficient, Hc is the sol-s
vent concentration in the gas at the surface and in equilib-
rium with that in the liquid at the surface, and ceq is theg
solvent concentration in the gas far from the surface.

At the coatingrsubstrate interface, provided that the sub-
strate is impermeable to both solvent and polymer, the mass
flux should disappear

n ? jU s0 30Ž .ˆ

where n is the unit vector normal to the coatingrsubstrateˆ
interface and points from the coating to the substrate.

Galerkin/////Finite Element Solution
In polymer-solvent systems, the diffusion coefficient is a

strong function of concentration

Ds D e c 31Ž . Ž .0 s

Ž .where e c is a monotonically rising function of solvent con-s
centration. Mechanical properties, which appear after solidi-
fication, also depend on solvent concentration. Shear modu-
lus, yield stress, and postyield viscosity can be expressed as
products of terminal values and functions of solvent concen-
tration

GsG g c , msm m c , ks k n c 32Ž . Ž . Ž . Ž .0 s 0 s 0 s

Before solving the governing equations by numerical meth-
ods, they are nondimensionalized. The variables are also
changed to dimensionless variables. In this way the variables
are measured in units that make them of the order of unity
or less.

The dimensionless solvent volume fraction, as defined in
Table 1, is used to evaluate the solvent concentration. The

Ž .characteristic physical length L such as initial film thickness
is used to measure length. T ' L2rD is taken to measure0
time. To simplify the momentum equation, to simplify the
constitutive equation, and to make the stress the order of
unity, the terminal shear modulus G is used to measure the0
stress. With these characteristic dimensions, the nondimen-
sional governing equations are

­ fs UContinuity: sy=? j q f © 33Ž .Ž .s p­t

Momentum balance: =?s s0 34Ž .
Incompressibility : det F e s1 35Ž . Ž .

The basic unknowns of the governing equations are volume
fraction of solvent, polymer displacement, and hydrostatic

Table 1. Dimensionless Variables and Parameters

2Time t s D trL Gradient operator =s L=0

Solvent vol. fraction f sc V Pressure p sprGs s s 0
0 0Init. solvent vol. fraction f sc V Equil. solvent vol. fractions s s

eq eqf sc VrHs g s
U U Ž .Polymer displacement d s d rL Polymer flux j s j r D rLVp p 0 s

w Ž .xsy er 1y f =fs s
0Particle position X s XrL, xs xrL Sherwood no. Shs k LHrDg 0

2Ž .Polymer velocity © s© r D rL Elasticity no. N sG L rm Dp p 0 El 0 0 0
Stress tensor s ssrG Yield stress k s k rG0 0 0
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pressure. The variables and parameters shown above are de-
fined in Table 1. With these dimensionless parameters, the

Ž .boundary conditions Eqs. 27]30 become

d s0 at coatingrrigid substrate interfacep

36Ž .

n ?s s0 at the free surface 37Ž .ˆ
U eqn ? j sSh f y f at the coatingrair interface 38Ž .Ž .ˆ s s

Un ? j s0 at the coatingrsubstrate interfaceˆ
39Ž .

To solve for the unknowns, the combination of the method of
subdomains, Galerkin’s method, and finite element basis

Ž .functions known as the method of finite elements are ap-
plied to the above set of equations.

ŽMultiplying Eq. 34 by a set of weighting functions f is1,i
.. . . , N and integrating it over the current domain V yields

the weak form of the momentum balance equation

mR s =?s f dVs0. 40Ž .Ž .Hi i
V

Integrating the above equation by parts and applying the di-
vergence theorem to the stress term gives

mR sy s ?=f dVq n ?sf dS 41Ž .ˆH Hi i i
V S

where S is the control surface containing the current domain
V; n is the outward unit vector normal to the surface S. Theˆ
integral over the surface of the current domain in Eq. 41 is
conveniently evaluated by separately considering the coat-
ingrair interface and the coatingrsubstrate interface. The
surface integral over the coatingrair interface vanishes ac-

Ž .cording to the traction free boundary condition Eq. 37 .
The weak form of the solvent mass-transfer equation in the

current configuration is

­ fs UcR s q=? j q f © f dVH Ž .i s p i­tV

d fm s Us yn ?=f f y j q f © ?=f dVH Ž .p s i s p iž /dtV

Uq n ? j q f © f dSˆH Ž .s p i
S

s0 42Ž .

In Eq. 42 the divergence term has been integrated by parts.
The natural flux boundary condition at the coatingrair inter-
face and the impermeable boundary condition at the coat-
ingrsubstrate interface are readily applied. In Eq. 42, the lo-

Žcal rate of change in f is replaced by its time derivative withs
.respect to the polymer by using the relation between the

time derivative with respect to the frame moving with poly-
mers d rdt and the local rate of change ­r­tm

d f ­ fm s s
s qn ?=f 43Ž .p sdt ­ t

The weighted residual of the incompressible condition in
the current configuration is

Rp s det F ey1 q dVs0 44Ž . Ž .Hi i
V

where q are scalar weighting functions which can be differ-i
ent from f . Equation 44 provides the equation for the un-i
known pressure field.

ŽIn Galerkin’s method, the unknown fields here d , d ,px p y
.f , p are represented by the same basis functions that ares

used as the weighting functions. For example, the displace-
ments and concentration can be represented by

n n n

d s d f , d s d f , f s f f 45Ž .Ý Ý Ýpx px j j p y p y j j s s j j
js1 js1 js1

Ž .Here the f js1, . . . , n are scalar basis functions and d ,j p x j
d , f are their coefficients, which are unknowns at thisp y j s j
stage. The hydrostatic pressure field can be represented by

m

p s p q 46Ž .Ý j j
js1

Ž .where q js1, . . . , m are scalar basis functions which arej
the same as those weighting functions used for the incom-
pressibility condition, and the p their coefficients which arej
also unknowns. In this work, each component of the scalar

Ž .basis functions f js1, . . . , n is a continuous, biquadraticj
polynomial that is non-zero only over a small portion of the

Ž .domain, and the scalar basis functions q js1, . . . , m arej
piecewise, discontinuous, linear polynomials that are likewise
non-zero only over a small part of the domain.

Once the field variables are represented in terms of the
basis functions, the system of partial differential equations
becomes differential-algebraic equations for the coefficients
of the basis functions. After a finite difference scheme is ap-
plied to approximate the time derivatives, this set of differen-
tial-algebraic equations becomes simultaneous algebraic
equations, which are nonlinear and sparse. The solution is
obtained by Newton’s method, which requires evaluation of
the full Jacobian matrix. Finite difference formulas are used
here to evaluate the components of the Jacobian matrices.

For the predictions in the next section, the coating proper-
ties D, G, m, and k were taken to be independent of concen-
tration; so were the Henry’s law coefficient H and the mass-
transfer coefficient k . To trace the time dependence of con-g
centration and displacements, a time integration scheme is
required for the residual equations. The most simple time
integration schemes are forward difference and backward
difference schemes, and the backward difference scheme is
applied here. Within each time increment, the Newton-
Raphson iteration method is used to obtain the converged
solution. Within each iteration, the Von Mises’ yield criterion
is checked at each nodal point. If the material doesn’t yield
locally, the local viscoplastic deformation gradient doesn’t
change from the previous time increment. On the other hand,
if the coating yields locally, Eqs. 16 and 26 are solved for the
current viscoplastic deformation gradient by using the back-
ward time difference scheme.
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Figure 4. Program about drying and stress develop-
ment.
I.C.s initial conditions; B.C.-boundary conditions.

Results and Discussion
Ž .A FORTRAN program Lei, 1999 was designed based on

the above analysis for 2-D drying and stress development un-
der plane-strain conditions. The flow chart of the program is
shown in Figure 4. Several examples of this analysis are pre-
sented in the following sections.

Coating o©er a groo©ed substrate
In industrial coating processes, polymer solutions are

sometimes applied to an uneven surface. Examples are pho-
toresist films in microlithography and dielectric layers of mul-
tilevel devices. When a polymer solution is cast over a rough
surface, the solution flows before it solidifies. However, as
more solvent evaporates and the coating undergoes solidifica-
tion, it becomes more solid like and able to support elastic
deformation. This is shown in the spin coating when a poly-
merrsolvent solution is poured onto an uneven substrate and
then accelerated to a spin speed of several thousand revolu-

Žtions per minute. Experimental work on coating especially
.spin-coating over uneven topography was reported by Peur-

Figure 5. Example used to analyze drying coating on an
uneven substrate.
The characteristic length of 1 mm was chosen as unit of
length in dimensional analysis.

Ž . Ž .rung and Graves 1991 , White 1983 , Vergne and Hofer
Ž . Ž .1985 , and Wilson and Piacente 1986 . Their studies fo-
cused primarily on measurements of dry film profiles.

Prediction of the surface profile while coating over an un-
Ž .even substrate has been reported by Bornside 1988, 1990 .

He considered the local planarization of rough surfaces by
drying of spin-coated polymerrsolvent solutions. A polymeric
coating is considered in his model to be a Newtonian fluid
with its viscosity depending on solvent concentration.

Unlike Bornside’s effort in coupling drying and Newtonian
flow, the following results are the predictions on the evolu-
tion of surface profiles, solvent concentration, and stresses in
the drying of a solid-like coating subjected to plane strain
conditions. Before the coating solidifies, the solution is con-
sidered as a liquid and can flow. Therefore, at solidification,
the coatingrair surface is flat. Surface profiles after solidifi-
cation are controlled by how the polymer moves at the coat-
ingrair interface, which is dictated by the evaporation of
volatile solvent and mechanical deformation of solid-like
coatings to keep it under mechanical equilibrium.

In this example, the coating at solidification is on a sub-
strate with periodic long grooves that go into the paper, as
shown in Figure 5. The dimensions of these grooves are 0.5
mm deep by 0.5 mm wide, which is comparable with the coat-
ing thickness relative to the ungrooved substrate at solidifica-

Ž . Ž .tion 0.5 mm and the periodicity of the grooves 6 mm . When
the drying takes place uniformly on all coating surfaces in
contact with the overlying air, only one-half of a period needs
to be analyzed. Solvent concentration and stress at other
places are available through symmetric conditions. At solidi-
fication, the domain chosen is discretized into a mesh of 220
biquadratic nine-node elements, shown in Figure 6 together
with the mesh position and the polymer displacement plots
after drying of one unit dimensionless time.

Figure 7 shows the concentration contours at five interme-
diate times. In the early stage of drying the concentration
gradient is significant only close to the free surface. The con-
centration contours and surface profile show little effect on
the presence of the groove, as is shown at t s0.02 in Figure
7. However, as drying proceeds, the presence of the groove
has a dramatic effect. The groove acts as a reservoir of sol-
vent, because the thicker coating over the groove dries more
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Figure 6. Drying coating over an uneven substrate: the
mesh position at solidification and mesh posi-
tion after t s1 of drying.
Displacement contour plots are also shown at t s1. Param-
eters are f 0s0.3, f eq s0, Shs 5, Dt s 0.01, krG s`.s s

slowly and sets up a large lateral concentration gradient. As
volatile solvent diffuses down the concentration gradient to
the regions of lower solvent concentration, the nonvolatile
polymer network also moves and deforms due to the volume
change in the coating.

The contour plots of dimensionless hydrostatic pressure
prG and Cauchy stress components s rG, s rG, s rG,x x x y y y
s rG at t s1 are shown in Figure 8. The local smoothingz z

Ž .technique of Lee et al. 1979 has been applied to these con-

Figure 7. Drying coating over an uneven substrate.
Concentration contour plots and domain boundaries at five
intermediate times t s 0.02, t s 0.1, t s 0.5, t s1, t s1.5.
Parameters are f 0s0.3, f eq s0, Shs 5, Dt s 0.01, krG s`.s s

Figure 8. Drying coating over an uneven substrate.
Contour plots of hydrostatic pressure and Cauchy stresses at
t s1. The units of pressure and stresses are shear modulus.
Parameters are f 0s0.3, f eq s0, Shs 5, Dt s 0.01, krG s`.s s

tour plots. The hydrostatic pressure and all Cauchy stress
components shown are concentrated at the tips where the
grooves are located. This is due to the sharp change in geom-
etry there. At t s1, only about 0.2 vol. % of solvent is left
and the coating is almost dried. Far away from the groove,
stresses are almost uniformly distributed.

Embedded cylinders
The second example shows how the addition of deformable

particles into the coating can affect the drying and stress de-
velopment. In a lot of industrial coating practice, particles
are indeed added to polymer solutions to achieve mechanical
strength or impart unique properties. For example, magnetic

Ž .particles nearly rigid, compared with the coating are added
to solutions and coated on substrates to make floppy disks
for magnetic recording. In the photographic industry, silver
halide particles are combined with gelatin to make photo-
graphic films, and matte particles are used to provide surface
roughness that enhances film winding and conveyance. In ad-
dition to particles added intentionally to achieve certain
functional purposes, unwanted particles may come from a
contaminant in the air stream impinging on a wet coating.
Particles, either added intentionally or deposited from air,
are usually responsible for many defects, among them spots,

Ž .‘‘starry night’’ Gutoff and Cohen, 1995 and edge delamina-
tion. The effect of rigid particles on drying and stress in elas-

Ž .tic coatings has been studied by Tam 1997 and Christo-
Ž .doulou et al. 1998 . Here, their analysis is extended to soft

particles where the relaxation effect of stresses around parti-
cles is considered as the elasto-viscoplastic coating dries.
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Figure 9. Cylinders embedded in the coating.
Deformable cylinders are spaced periodically in the middle
of the coating. The solvent cannot penetrate into the cylin-
ders. Due to the symmetry of the situation, the equations
need to be solved only in the shadowed area.

Cylinders periodically distributed in an infinitely long coat-
Ž .ing are considered Figure 9 . Initially, these cylinders sit

halfway between the free convective surface and the sub-
stratercoating interface. Polymer adjacent to the coatingrcyl-
inder interface does not slip relative to that surface and moves
with it during drying. Neither solvent nor polymer can diffuse
into the cylinder and the volume of the cylinder is constant.
The substrate is rigid and impermeable to both solvent and
polymer. Due to the periodic placement of the particles, all
that needs to be found is a solution in the shadow area be-

Ž .tween two neighboring symmetric planes see Figure 9 .
Two materials with different properties are within the do-

main. The coating itself has two components that interdif-
fuse. The cylinder, however, consists of a single nondiffusing
component. The coating has the same elasto-viscoplastic be-
havior as in the previous example. The cylinder, however, is
purely elastic. The elastic behavior of both is described by
neo-Hookean constitutive relations, but with different shear
moduli. In order to simplify programming, an auxiliary vari-
able of solvent volume fraction was assigned to every node
within the cylindrical domain, but both that variable and the
diffusion coefficient in the cylinder were kept zero at all times.
The interface between coating and cylinder is represented by
a set of single nodes at which the solvent volume fraction is
that of the coating side. In comparison with the double-noded

Ž .interfaces employed by Schunk and Rao 1994 , the single-
noded boundary has certain advantages, such as ease in im-
posing continuity of displacement and traction across the in-
terface, conditions that are implicit in using the single-noded
interface.

Two cases with different moduli of the cylinder are repre-
sented below. In the first case, the modulus of the cylinder is
100 times that of the coating; this is, to simulate the situation
when rigid particles such as silver halide or magnetic parti-
cles are present in the coating. In the second case, the cylin-
der has exactly the same modulus as the coating. This simu-
lates the situation when soft particles are present.

The domain is divided into 314 biquadratic nine-node ele-
ments with 1,327 nodes as in Figure 10. Initially, at solidifica-
tion, there is 30% solvent by volume in the coating. The air
swept over the coating is solvent free so that, at final equilib-

Figure 10. Polymer mesh in solution domain.
The domain is divided into 314 biquadratic nine-node ele-
ments with 1,327 nodes. Both the height and the length of
the domain are 1 mm, and this characteristic length is used
in dimensional analysis. FASTQ, a Sandia-made mesh
generator, was used to generate this mesh.

rium, the solvent volume fraction in the coating is zero. The
Sherwood number in the following cases is Shs5 and the
unit of stress is the modulus of the coating. The yield stress
of the coating is ks0.01 G, a low value. A constant time
step of Dt s0.005 is applied in the Euler backward time in-
tegration. N s4 is used to describe the viscoplastic relax-El
ation behavior after coating yields.

The solvent concentration distributions at five different
times t s0.05, t s0.1, t s0.15, t s0.35, and t s0.75 are
shown in Figure 11. As the solvent evaporates from the top
of the surface, the coating dries first nearby, and then the
drying front propagates into the coating. Because the volume
of the cylinder is fixed and its deformation is small compared
with that of the coating, the free surface above the particle
protrudes. Solvent beneath the cylinder must diffuse around
the cylinder in order to reach the free surface and evaporate.
Because the diffusion path is longer than in the coating be-
tween cylinders, it takes longer to dry the coating beneath
the cylinders. At time t s0.75, only 5.7 vol. % solvent re-
mains}the coating is close to dry. Thereafter, the coating
profile changes little.

Initially, the whole coating is at the concentration of solidi-
fication and the stress is zero everywhere. The stress rises in
the coating as the coating continues to dry. The evolution of
pressure p and in-plane stress s is shown in Figure 12.x x
The gradient of the pressure p is steep near the interface
between the coating and cylinder. The in-plane stress is high
in the coating atop the cylinder. As the stress rises, its second
invariant F may locally exceed the yield stress which by hy-
pothesis here is independent of solvent concentration. How
the stress evolves after the local stress-free state yields de-
pends on the extent of viscoplastic change of the stress-free
state, for that change lowers the subsequent elastic strain and
can relax some of the stress in the final state. Thus, during
drying of the coating, there is competition between stress de-
velopment and stress relaxation. In the early stages, drying is
rapid, especially near the free surface, and stress develop-
ment dominates. With the parameters as in Figure 12, the
stress is most severe at about t s0.15, at which high stress is
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(Figure 11. Evolution of solvent volume fraction in the case of nearly rigid cylinders the cylinder shear modulus is
)100 times that of the coating .

Parameters are f 0s0.3, f eq s0, Shs 5, Dt s 0.005. For the coating, krG s 0.01 and N s 4; for the cylinders krG s`.s s El

most widely distributed. After that, drying slows down and as
long as yielding continues, stress evolution is dominated by
stress relaxation, so that the regime of high stress recedes.

The modulus of the cylinder in the coating can affect the
stress distribution. When it has the same modulus as the
coating itself, the in-plane stress evolves as shown in Figure
13. The in-plane tensile stress acts on the interface between
the cylinder and the coating, pulling on and elongating the
deformable cylinder. As a result, the free surface profile be-
comes more nearly flat than that of Figure 12, the case of a
nearly rigid cylinder. The stress near the soft cylinder is
smaller than that near the rigid one. Consequently, stress-in-
duced defects are likely to be less severe than those induced
by rigid cylinders.

Cantile©er deflection
The last example is the deflection of a cantilever bearing a

drying or curing coating. This is the configuration used in the
Ž .measurement of stress in experiments by Croll 1978 , Perera

Ž . Ž .and Eynde 1981 , and recently by Payne 1998 . In their ex-
Žperiments, solvent solution polymer solution, gelatin, UV-

. Žcurable solution is coated on one side of a thin steel some-
.times silicon substrate. During drying or curing, in-plane

stress develops in the coating and causes the composition of
coating and substrate to bend toward the coating side. From
the amount of deflection and the coating thickness, the in-

Ž .plane stress can be derived Corcoran, 1969 .
Two materials are within the domain coating and sub-

strate. The coating has two components that interdiffuse, and
has the same elasto-viscoplastic behavior as in previous ex-
amples. The substrate, however, consists of a single nondif-
fusing component, and is purely elastic. Just as with drying
embedded cylinders, an auxiliary variable of solvent volume
fraction was assigned to every node within the substrate do-
main, but both that variable and the diffusion coefficient in
the substrate were kept zero at all times. The interface be-
tween coating and substrate is represented by a set of single
nodes at which the solvent volume fraction is that of the coat-
ing side.

The case considered is shown in Figure 14. It is a strip 180
mm long by 8 mm thick on which a 9 mm thick coating is
applied. The shear modulus of the coating is used as the unit
of stress, and a characteristic length of 100 mm is used as the

Žunit of length. This domain both coating and flexible sub-
.strate is divided into 1,281 nodes and 300 biquadratic ele-

ments, among which 180 elements are in the coating and the
Ž .rest in the substrate Figure 15 . At the clamped end of the

domain, material can only move vertically and thus the sym-
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( ) ( )Figure 12. Evolution of pressure like-parameter p a and in-plane stress s b in the case of nearly rigid cylin-xx
( )ders cylinder has a shear modulus 100 times that of the coating .

Ž . 0 eqThe smoothing technique Lee et al., 1979 is not applied. Parameters are f s 0.3, f s 0, Shs 5, Dt s 0.005, krG s 0.01, N s 4 fors s El
the coating, and krG s` for cylinders.
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(Figure 13. Evolution of in-plane stress s in the case of nearly soft cylinders cylinder has the same modulus asxx
)that of the coating .

Parameters are f 0s0.3, f eq s0, Shs 5, Dt s 0.005, krG s 0.01, N s 4 for the coating, and krG s` for cylinders.s s El

metry condition is applied in which the horizontal movement
is constrained. The substrate is impermeable to both the sol-
vent and the polymer particles.

Figure 16 shows the evolution of solvent concentration in
the coating as the cantilever deflects upward when the can-
tilever has a modulus 10 times that of the coating. The coat-
ing is initially in its stress-free state and, at solidification, has
a uniform solvent distribution. The initial solvent concentra-

Figure 14. Example used to analyze cantilever deflec-
tion: a 9 mm coating is applied onto an 8 mm
thick and 180 mm long substrate.
The characteristic length of 100 mm is used in dimensional
analysis.

tion is 30% by volume. The final solvent concentration, when
the solvent in coating is in equilibrium with that in the air, is
zero. The Sherwood number Shs5 and a constant time step
of Dt s0.001 is used. The coating is modeled as elasto-
viscoplastic material whose elasticity number N s4 andEl
yield stress ks0.01G, with G being the coating modulus that
is used as the unit of stress. As shown in Figure 16, the sol-
vent depletes first at the upper lefthand side corner where it
evaporates from both the top and the edge. From the con-
centration contour plots, the distance from the edge over
which the edge effect reaches is remarkable, much longer than
three coating thickness, over which the edge has an effect on

Figure 15. Polymer mesh in computational.
The domain is divided into 300 biquadratic nine-node ele-
ments with 1,281 nodes. The interface between coating and
substrate is represented by a set of single nodes at which
the solvent volume fraction is that of the coating side.
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Figure 16. Evolution of solvent concentration in the
coating coated on a flexible substrate.
The coatingrsubstrate interface is impermeable to both
polymer and solvent. The modulus of the substrate is 10
times that of the coating. Parameters are f 0s0.3, f eq s0,s s
Shs 5, Dt s 0.001, k s 0.01 G , N s 4 for coating, andEl
krG s` for substrate.

stress. The stress in Figure 17 is in units of the coating modu-
lus, which is only one-tenth of the substrate modulus. As the
drying continues, the in-plane stress rises more and more,
and so does the deflection of the cantilever. However, once
the local stress in the coating exceeds the local yield stress,
the stress relaxes upon viscoplastic deformation. As a result
of stress relaxation, the cantilever deflection decreases.

It should be noted that large deflections, as shown in Fig-
ures 16 and 17, can only be seen while the coating is coated
on a flexible substrate. Large deflections were observed ex-

Ž .perimentally by Payne 1998 when a polystyrene-toluene so-
lution was coated on a flexible polyethylene terephthalate
Ž .PET substrate. For most cantilever devices where steel sub-
strate is used for stress measurement, the deflections are
usually significantly smaller. The model above is also capable
of predicting these small deflections.

Summary
Stress development in a shrinking coating is due to the

nonuniform shrinkage as coating dries, and the inherence of
in-plane shrinkage from the substrate on which it is coated.
The study presented here focuses on the drying after coating
solidifies, in which the coating is considered as an elasto-
viscoplastic material and it starts drying from the stress-free
solidification point. The theories are developed for Fickian
diffusion, kinematics of volume shrinkage, elastic deforma-

Figure 17. Evolution of in-plane stress s in the sub-xx
strate.
The modulus of the substrate is 10 times that of the coat-
ing. Parameters are f 0s0.3, f eq s0, Shs 5, Dt s 0.001,s s
ks 0.01G , N s 4 for coating, and krG s` for substrate.El

tion, viscoplastic flow, and the related stress development as
the polymer coating dries. The elastic behavior is modeled
with the neo-Hookean large deformation constitutive rela-
tion. The start of plastic yielding is predicted by Von Mises’
yield criterion without strain hardening. After yielding, the
rate of stress relaxation is proportional to the excess stress
above the yield surface, and it changes in the direction nor-
mal to yield surface in the stress space.

The Galerkinrfinite element method is applied to solve the
full equation system. This model is then used to study the
effect of uneven substrate and embedded particles on the
drying and stress development in coatings. Solutions show the
changes in solvent concentration, pressure, viscous stress, and
surface topography as coating dries further after solidifica-
tion. The model is then used to simulate the deflection of a
cantilever substrate coated with polymer solution on one side.
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